
PHYSICAL REVIEW E AUGUST 1999VOLUME 60, NUMBER 2
Orientational relaxation in Brownian rotors with frustrated interactions on a square lattice
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We present simulation results on the equilibrium relaxation of Brownian planar rotors based on a uniformly
frustratedXY model on a square lattice. The rotational relaxation exhibits typical dynamic features of fragile
supercooled liquids including the two-step relaxation. We observe a dynamic crossover from the high-
temperature regime with Arrhenius behavior to the low-temperature regime with temperature-dependent acti-
vation energy. A consistent picture for the observed slow dynamics can be given in terms of the caging effect
and thermal activation across potential barriers in the energy landscapes.@S1063-651X~99!12608-4#

PACS number~s!: 64.60.Cn, 05.45.2a, 64.70.Pf
nc
th
las
of

-
d-
si

ds

ns
y

ro
tie
le

ni
bil

s-
th
o-
ly

h

a

ls
ely
ta
s
lo
th
o
W
in
re
t
n

fu

be
me

n
h-
y a

ow-
ses
ing

l-

d

gy
-

at
e

ion

e,
I. INTRODUCTION

The past decade or so has witnessed significant adva
in our understanding of the underlying mechanism for
slow dynamics of supercooled liquids approaching the g
transition@1#. The development of mode-coupling theory
supercooled liquids@2# and extensive experiments and com
puter simulations@3# have played crucial roles in such a
vances. Some efforts have also been devoted to devi
model systems~even though somewhat artificial! @4# which
show glassy behavior similar to that of supercooled liqui
One line of research along this direction is to find~lattice!
model systems with no quenched disorder but some intri
frustration built into the model, which may exhibit glass
relaxations@5–8#.

One can imagine that there may exist a common mic
scopic mechanism which underlies the observed similari
in the relaxations of model systems and real supercoo
liquids. This possibility is made more plausible by the u
versal scaling property observed in the dielectric suscepti
ties of a variety of supercooled liquids@9# and some plastic
~glassy! crystal @10–12#. In this work, we address the que
tion of this possible common mechanism by investigating
equilibrium orientational relaxation of planar Brownian r
tors whose interaction is prescribed by that of uniform
frustratedXY ~UFXY! models with dense frustration, whic
is a prime example of non-randomly-frustrated systems@13#
characterized by complex degeneracy of ground states
many metastable states.

While a recent simulation@8# by the present authors dea
with the relaxation of the vortex charge density for a pur
dissipative dynamics, here we examine directly the orien
tional relaxation with finite rotational inertia, which offer
more transparent views on the origin of the observed s
relaxation. Also, due to the one-dimensional nature of
phase of the planar rotors, it is convenient to probe the pr
erties of the angular motions of the rotors of the system.
find that, by including phenomenological rotational inertia
the dynamic equation for the rotors, the orientational cor
lation exhibits a two-step relaxation, which is analogous
the ~fast! b anda relaxations of supercooled liquids. Mea
square angular displacement~MSAD! exhibits three-stage
behavior, i.e., the early time ballistic, intermediate subdif
PRE 601063-651X/99/60~2!/1503~9!/$15.00
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sive, and late time diffusive regimes, which is argued to
consistent with the picture of the cage effect and long-ti
activated dynamics for the motion of the rotors. It is show
that there exist two dynamically distinct regimes: a hig
temperature regime where the dynamics is governed b
temperature-independent activation energy, and a l
temperature regime, in which the activation energy increa
with decreasing temperature, which is interpreted as aris
from complex energy landscapes@14,15# probed by the sys-
tem in the low-temperature regime.

II. DYNAMIC MODEL AND SIMULATION METHOD

We consider the following Langevin dynamics for a co
lection of planar rotors on a square lattice,

I v̇ i~ t !1gv i~ t !52
]V~$u%!

]u i~ t !
1h i~ t !, ~1!

where I is the moment of inertia,v i(t)[u̇ i(t) the angular
velocity of the rotor at sitei, g the damping constant, an
h i(t) the thermal noise. Equation~1! describes the Brownian
motion of rotors subject to the interaction potential ener
V($u%). The thermal noiseh i(t) is given by a Gaussian ran
dom variable

^h i~ t !&50,

^h i~ t !h j~ t8!&52gTd i j d~ t2t8!, ~2!

where the Boltzmann constantkB is set equal to unity. The
variance of the noise in Eqs.~2! ensures that the system
temperatureT evolves toward the equilibrium state whos
properties are governed by the Boltzmann distribut
exp„2E($u%,$v%)/T… where the energyE($u%,$v%) is given
by E($u%,$v%)5I ( iv i

2/21V($u%).
Here we chose the potential energyV($u%) as the energy

of the two-dimensional UFXY model on a square lattic
which takes the form@16#

V~$u%!52J(
( i j )

cos~u i2u j2Ai j !, ~3!
1503 © 1999 The American Physical Society
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1504 PRE 60SUNG JONG LEE AND BONGSOO KIM
whereJ is the coupling constant and (i j ) denotes nearest
neighbor pairs. The bond anglesAi j satisfy the constraint

(
i , j PP

Ai j 52p f , ~4!

where the sum is over (i , j ) belonging to the unit plaquetteP
causing competing interactions~frustration! between the ro-
tors. Here,f is called the frustration parameter of the syste

A convenient choice forAi j is the Landau gauge which i
given by Ai j 50 for every horizontal bond andAi j
562p f xi for the vertical bond directed upward~down-
ward! with xi being thex coordinate of the sitei. It can be
readily checked that this choice of the bond angles obeys
condition ~4!. Due to the invariance of the Hamiltonian~1!
under f˜ f 11 and f˜2 f , we need to consider the value
of f only over the range@0,1/2#. A physical realization of this
model can be found in the two-dimensional square array
Josephson junctions under a uniform perpendicular magn
field. In this situation, the bond angleAi j is identified with
the line integral of the vector potentialA of the transverse
magnetic field:Ai j 5(2p/F0)* i

jA•dl, whereF0 is the flux
quantumF0[hc/2e per unit plaquette. With this identifica
tion the strength of magnetic fieldB is given byBa25 f F0,
wherea is the lattice constant.

The UFXY model can be mapped@17# onto that of a
lattice Coulomb gas with charges of magnitude (n2 f ), n
50,61,62, . . . , where charges correspond to phase vo
ces with suitably defined vorticity around the plaquettes. T
lowest excitation consists of charges with magnitudes 12 f
and 2 f , respectively. The charge neutrality condition th
implies that the number density of positive charges is eq
to f. For the case off 50, the well-known Kosterlitz-
Thouless transition@18# occurs via vortex-antivortex unbind
ing at a finite temperature. Except for this case of the unfr
trated XY model, the equilibrium nature and associat
phase transitions of these systems are not very well un
stood even for the next simplest case off 5 1

2 , the so-called
full frustratedXY model@19#. For example, the ground-sta
configurations for the case of generalf 5p/q (p and q are
relative primes! are not known@20,21# except for some low-
order rational values off, such asf 5 1

2 , 1
3 , 2

5 , 3
8 , etc., where

staircase types of ground-state configurations are known
lytically @22,21#.

As q becomes large~the limit of irrational frustration!,
due to the complexity of the degeneracy of the system
long equilibration time, it is quite a difficult task to analyz
the nature of the low-temperature phase of the system. A
in spite of the recent claim by Denniston and Tang@23# that
there exists a first-order transition nearTc.0.13J, in the
case of f 512g @g being the golden-mean ratiog5(A5
21)/2.0.618] it is fair to say that the low-temperatu
phase is not completely understood yet. On the other h
since it is clear that many metastable states are possible
to the dense frustration, one can expect that Brownian
namics~1! with the potential energy~3! may generate a slow
relaxation, where trapping of the configurations in de
metastable minima and thermal activation across the po
tial barriers play a crucial role. Note that there is no intrin
disorder in the present system, which distinguishes it
.
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from a spin glass system where both intrinsic disorder a
frustration are considered to be essential@24#.

With the potential energy~3!, the Langevin equation is
explicitly given by

I v̇ i~ t !1gv i~ t !52J(
j

sin~u i2u j2Ai j !1h i~ t !. ~5!

We integrate Eq.~5! in time, starting from random initial
conditions$u i(0)% and$v i(0)% using an Euler algorithm on
a square lattice of linear sizeN534. In our simulations, we
usedI 51.5, g51, J51, andf 513/34, which is a Fibonacc
approximant tof 512g. Periodic boundary conditions ar
employed for both spatial directions. The results were av
aged over 150;1000 different random initial configurations
depending on the quenching temperature. As for the inte
tion time step, we useddt50.05 in the dimensionless unit o
time. No essential difference could be found in the resu
when compared with those obtained by usingdt50.01.

III. RESULTS AND DISCUSSIONS

In order to probe the orientational relaxation of the sy
tem, we first computed the on-site autocorrelation funct
for the planar spins

CR~ t !5
1

N2 K (
i 51

N2

cos@u i~0!2u i~ t !#L , ~6!

where the bracket̂•••& in Eq. ~6! represents an average ov
different random initial configurations. In this work we focu
only on the lowest-order correlation even though one m
also measure the higher-order correlations, as was don
recent molecular-dynamics simulations@25–27#.

Shown in Fig. 1 is the on-site autocorrelation functio
CR(t). The relaxation continuously slows down as the te
perature is lowered. In order to characterize the slow
down of the relaxation, one can define a characteristic re
ation time tR(T) as CR(tR)51/e. The temperature depen
dence oftR(T) is shown in the inset of Fig. 1. It exhibits a
Arrhenius behavior at high temperatures, while at low te
peratures (T,0.20) it shows a non-Arrhenius behavio
which can be well fitted by the Vogel-Tamman-Fulcher for
tR(T)5t0 exp@DT0 /(T2T0)# with t0.9.92, T0.0.08, and
D.3.58 @28#. Similar non-Arrhenius behavior was observe
in the vorticity relaxation as well@8#.

An interesting feature of the rotational relaxation is tha
exhibits a two-step relaxation, a very fast relaxation~up to
t.3 for T50.13J, the lowest temperature probed!, and a
slow relaxation following the fast relaxation. The earlie
part of the fast relaxation is expected to be well described
the free rotation of the rotorsI v̇ i(t)1gv i(t)50. For the
time range wheret!I , the inertial term is dominant and
henceu i(t)2u i(0).v i(0)t. It is then easy to show that th
relaxation is given byCR(t).12(T/2I )t2 using the equipar-
tition theorem^v2&5T/I .

The long-time part of the slow relaxation can be w
fitted by the stretched exponential formCR(t)
5C0 exp@2C1(t/tR)b# (C1511 ln C0 due to the definition of
tR), shown in Fig. 2. We find that the exponentb varies with
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FIG. 1. The rotational autocorrelation functionsCR(t) versus timet ~in dimensionless units withg51 and J51) for temperatures
T/J50.5, 0.4, 0.3, 0.25, 0.2, 0.17, 0.15, 0.14, 0.13. Inset: An Arrhenius plot for the characteristic relaxation time defined asC„tR(T)…
[1/e, where the solid line is a Vogel-Tamman-Fulcher fit at the low-temperature regime~see the text!.
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temperature: it decreases as the temperature is lowere
shown below in the inset of Fig. 3. It is interesting to no
that at low temperatures (T<0.2) the short-time part of the
slow relaxation shows a deviation from its stretched ex
nential fit and the time region for this deviation tends
extend over longer time regions with lowering temperatu
We have fitted this region with a power-law decay known
the von-Schweider relaxation@29# CR(t)5C22C3tb, where
the exponentb also varies with temperature~see the inset of
Fig. 3!. We now examine the scaling behavior of the ro
tional relaxation. Shown in Fig. 3 isCR(t) versus the res-
caled timet/tR(T). Obviously the earliest part of the relax
ation does not obey the scaling since a faster time scale~the
inverse of the inertia which is temperature independent! is
involved in this regime. We also observe that the tim
as

-

.
s

-
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temperature superposition of the relaxation function is s
tematically violated in the late~slow! part of the relaxation,
especially at low temperatures. This breakdown of the s
ing is consistent with the fact that the two exponentsb andb
vary with temperature.

It would be interesting to examine the response funct
corresponding to the orientational correlation functi
CR(t). The response function in the frequency (n) domain
can be defined as~via the fluctuation dissipation theorem!
x9(n)52pn*0

`dt cos(2pnt)CR(t). Figure 4 showsx9(n)
versusn in a semilogarithmic plot. We see that there ex
two peaks, the low-frequencya peak and the high-frequenc
peak~microscopic peak!. As the temperature is lowered, th
a peak moves to lower frequency, indicating the slowi
down of the reorientational relaxation. At the same time,
l

-
s

s

FIG. 2. Stretched exponentia
fit ~dashed lines! to the long time
part of the autocorrelation func
tions ~for the same temperature
as in Fig. 1!. Time t is measured
in the same dimensionless units a
in Fig. 1.
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FIG. 3. Rotational autocorrelation function
CR(t) versus the rescaled timet/tR(T). Note that
the time-temperature superposition is systema
cally violated. The inset shows the temperatu
dependence of the exponentsb(T) and b(T)
characterizing the slow part of the correlatio
function CR(t).
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maximum value ofx9(n), which is analogous to the Debye
Waller factor, continuously decreases, and thea spectrum
becomes broadened as the temperature is lowered. We
note that as the temperature is lowered, a minimum of
spectrum is slowly developed. All these features in the f
quency spectrum of the orientational relaxation are qua
tively quite similar to the recent broad band dielectric s
ceptibility measurement of supercooled liquids@9,30,31#.
According to the recent dielectric susceptibility data, thea
spectrum of supercooled liquids consists of two power l
regimes in the right-hand side of thea peak. The first power-
law relaxation clearly corresponds to the stretched expon
tial relaxation in time domain. In addition to this, anoth
power law regime is observed in the high-frequency side
thea spectrum. It is quite interesting that similar power-la
relaxation is also observed in the high-frequency part of
magnetic susceptibility of a spin glass system@32#. Although
we cannot better resolve the high-frequency part of thea
spectrum of the present orientational relaxation due to
bad statistics of the spectrum at low temperatures, we bel
that our orientational relaxation spectrum also exhibits si
lar two-power-law regimes in the right-hand side of thea
peak. The reason is that, even though the long-time par
lso
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CR(t) can be well fitted by a stretched exponential functio
the regime of its validity~for the stretched exponential form!
is limited to the late-time regime only and does not extend
the intermediate time regime where so-called vo
Schweidler relaxation@33# ~with different exponentb) better
fits the relaxation function. In the frequency domain this w
correspond to two-power-law behavior.

In order to investigate the self-diffusion of the rotors, w
measured the mean squared angular displacement~MSAD!

^@Du~ t !#2&5
1

N K (
i 51

N

@u i~ t !2u i~0!#2L , ~7!

where the phase angleu i(t) is unbounded. Figure 5 shows
log-log plot for the MSAD^@Du(t)#2& versus timet. For all
temperature ranges probed, we see that^@Du(t)#2&;t2 in the
early time regime, which may be called the ballistic regim
It is expected that each rotor makes a free rotation in
time regime. Hence the MSAD is then given b
^@Du(t)#2&.(T/I )t2 in the ballistic regime. This regime cor
responds to the earliest part of the relaxationCR(t).1
2(T/2I )t2. For high temperatures this ballistic regime d
us

-
ent
-

FIG. 4. Dynamic response functionx9(n)
corresponding to the rotational relaxation vers
frequencyn for temperaturesT50.5, 0.4, 0.3,
0.25, 0.2, 0.17, 0.15. In addition to the micro
scopic peak, one can clearly see the developm
of the b minimum ~as the temperature is low
ered!, a decrease of the height of thea peak, and
a broadening of the width of thea peak.
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FIG. 5. Mean squared angula
displacement ^@Du(t)#2& versus
time t ~in dimensionless units! for
the same temperatures as in Fig.
At the lowest temperature probe
(T50.13J), the subdiffusive re-
gime extends over more than tw
decades.
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rectly crosses over to the diffusive regime whe
^@Du(t)#2&;t. But as the temperature is lowered, in the
termediate time regime a subdiffusive regime characteri
by ^@Du(t)#2&;tf with f,1 ~for example,f.0.3 for T
50.13J) starts to appear and extends over more than
decades of time at the lowest temperature probedT
50.13J). The subdiffusive regime sets in at the same ti
t'2 for all temperatures. In this regime the rotational m
tion is significantly hindered. This can be directly seen
Fig. 6, which shows the angular displacementsDu i(t)
[ui(t)2ui(0) at some representative sites atT50.15J. We
clearly see from this figure that for all these phase angles
rotational motion looks almost frozen for more than a fe
thousand time units. This strongly indicates that the sys
is stuck in a particular configuration among many possi
metastable states. The rotor then executes a local vibrati
motion only, which corresponds to the caging in the dyna
ics of real supercooled liquids. At longer time scales, ho
d
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ever, the local rotors can execute full rotations via activa
tunneling through the potential barriers, showing occasio
abrupt rotational motions, as shown in Fig. 6. Similar jum
motions have been observed in MD simulations of so
sphere mixtures@34#, binary Lennard-Jones@35#, and the
colloidal glass@36#. Also, neighboring rotors can execu
collective rotations, thereby slowly rearranging the who
phase configurations. This stage will correspond to the s
part ofCR(t). This entire time evolution of the self-rotationa
motion is qualtitatively the same as that observed in M
simulations of the orientational relaxation of molecular s
percooled liquids@27#.

The rotational diffusion constantDR(T) can be obtained
by the slope of the MSAD versust in the long-time limit
where MSAD exhibits diffusive behavior̂ @Du(t)#2&
52DR(T)t. As shown in Fig. 7, at high temperatures th
rotational diffusion constant exhibits an Arrhenius behavi
which is well fitted by DR(T)5D0 exp(2DE/T) with D0
t

-

p

FIG. 6. Angular displacemen
Du i(t) versus timet ~in dimen-
sionless units! at some chosen lat
tice sites forT50.15J. Rotational
caging effect and occasional jum
motions is exhibited.
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FIG. 7. An Arrhenius plot for the rotationa
diffusion constantDR(T). We can see a cross
over from the high-temperature regime wit
Arrhenius behavior to the low-temperature r
gime with non-Arrhenius behavior. The inse
shows an anomalous deviation from the Stoke
Einstein relation by plotting the produc
DR(T)tR(T) versusT, where we can find that, a
low temperaures, the coefficient of angular diffu
sion is smaller than that which would be expect
from the standard Stokes-Einstein relation.
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.0.68 and the temperature-independent activation ene
DE.0.87J. As the temperature is lowered, however,DR(T)
shows a strong deviation from the Arrhenius behavior. T
behavior implies that the long-time dynamics in the hig
temperature regime is governed by activation barriers wh
average height does not depend on temperature. In the
temperature regime, the rotors explore deeper valleys in
potential energy landscapes whose depth increases a
temperature decreases, giving rise to the non-Arrhenius
havior of the relaxation time@37#.

It was observed in some experiments of supercooled
uids @38# that while both translational and rotational diffu
sion constants are proportional to the inverse of viscosit
high temperatures, the decrease of the translational diffu
constant is less dramatic than the inverse of viscosity at
temperatures. The rotational diffusion constant, on the o
hand, is still proportional to the inverse of viscosity at lo
temperatures down to the glass transition. This relative
hancement of the translational self-diffusion is also revea
in recent simulations of supercooled liquids@39,40# and the
lattice model systems@41,42#. Here we compared the tem
perature dependences of the two time scales 1/DR(T) and
tR(T). Shown in the inset of Fig. 7 is a plot forDR(T)tR(T)
versusT. Since the productDR(T)tR(T) in the plot is mea-
sured to be nearly contant down toT50.20J, the two time
scales are observed to be proportional to each other,
gy

s
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se
w-
he
the
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-

at
on
w
er
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d

e.,

tR(T);DR(T)21 up to T50.20J. The data points below
0.20J tend to deviate from this proportionality, indicatin
more rapid decrease~rather than enhancement! of the rota-
tional diffusion constant. However, it is not clear to u
whether this anomalous behavior is a genuine feature of
present model or not.

We have also measured the normalized angular velo
autocorrelation function~AVCF!

CAV~ t !5

K (
i 51

N2

v i~0!v i~ t !L
K (

i 51

N2

v i
2~0!L . ~8!

In the absence of the interaction between rotors,CAV(t) can
be easily obtained asCAV(t)5 exp(2gt/I). With interaction,
as shown in Fig. 8, the AVCF shows a strongly damp
oscillatory motion. As the temperature is lowered, the am
tude of oscillation becomes enhanced. This behavior stron
indicates that the rotors execute angular rattlings in ‘‘cage
@43#.

For purely Gaussian distribution of the angular displa
ments, it is easy to show that the rotational correlation fu
tion CR(t) can be expressed in terms of the mean squ
n

-
re-
re

age
FIG. 8. The angular velocity autocorrelatio
functionsCAV(t) for T50.50J and T50.13J (t
in dimensionless units!. For comparison, the dot
ted line represents exponential relaxation cor
sponding to the situation where the potentials a
neglected. One can see a strong rotational c
effect indicated by the oscillating tail ofCAV(t).
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FIG. 9. The rotational autocor
relation functions versus timet ~in
dimensionless units! for tempera-
tures T/J50.5, 0.3, 0.17, 0.14,
and 0.13 together with Gaussia
approximation results ~dotted
lines!. Systematic deviations are
seen at a late time stage.
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angular displacement ^@Du(t)#2& as CR
(G)(t)

[exp„2^@Du(t)#2&/2…. Shown in Fig. 9 is the compariso
of the rotational correlation functionCR(t) and its Gaussian
approximationCR

(G)(t). We find thatCR(t) exhibits a good
agreement with the Gaussian approximation in the early t
regime, whereas it shows a considerable deviation from
Gaussian approximation in the late time regime. In orde
characterize the non-Gaussian nature of the distribution
displacements, the non-Gaussian parameter has often
used in simulations of supercooled liquids@44–47#. Here we
measure the same quantity for the angular displaceme
which is defined as

a2~ t !5
1

3

^@Du~ t !#4&

^@Du~ t !#2&2
21, ~9!
e
e

o
of
een

ts,

where the factor13 comes from the one-dimensional natu
for the motion of the rotors. As shown in Fig. 10,a2(t)
exhibits three time regimes of distinct behavior, as in t
MSAD. It almost vanishes in the ballistic regime and th
rapidly increases toward its maximum in the intermedi
time regime, and finally decreases again in the long ti
regime. This temporal behavior is qualitatively the same
that observed in some MD simulations@46#.

As the temperature is lowered, the maximum value
a2(t) rapidly increases, and at the same time the time reg
wherea2(t) increases is extended, indicating the strong n
Gaussian nature of the rotational motion in this regime. T
regime corresponds to the subdiffusive regime in the ti
dependence of the MSAD shown in Fig. 5. It is expected t
a2(t) eventually decays to zero since, for pure diffusion, t
Gaussian distribution is expected for the angular displa
ment.
-

-

FIG. 10. Non-Gaussian param
eter versus timet ~in dimension-
less units! for the same tempera
tures as in Fig. 1.
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IV. SUMMARY

We have shown that the relaxation of phenomenolog
Brownian rotors based on the densely frustratedXY model
Hamiltonian exhibits a slow dynamics which is remarkab
similar to the relaxation of fragile supercooled liquids. W
find that there exists a dynamic crossover from the hi
temperature regime, where the dynamics can be describe
temperature-independent activation energy, and the l
temperature regime, where non-Arrhenius behavior sets
which can be attributed to the dynamic characteristics of
system probing deeper valleys in the potential energy la
scapes with increasing height of the activation energy b
rier. The caging in the metastable minima and thermal a
vation across potential barriers in the energy landscapes
provide the underlying physical origin for the similarity i
the slow dynamic behavior of the present model system
that of real fragile supercooled liquids. It would be very i
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teresting to quantitatively characterize the metastable st
present in the system such as finding the local minima
densities of metastable states. In this regard, it would also
very instructive to examine how the dynamic features cha
as the value of the frustration parameterf is varied. We can
also consider the Newtonian dynamics version of our sys
and compare with Langevin dynamics@48,49#, which may
provide further insight into these questions. We will unde
take further study along these directions in the near futu
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